The effects of mutual Coulomb interactions between Dirac fermions in monolayer graphene on the Hofstadter energy spectrum have been investigated. For two flux quanta per unit cell of the periodic potential, interactions open a gap in each Landau level with the smallest gap in the n = 1 Landau level. For more flux quanta though the unit cell, where the noninteracting energy spectra have many gaps in each Landau level, interactions enhance the low-energy gaps and strongly suppress the highenergy gaps and almost closes a high-energy gap for n = 1. The signature of the interaction effects in the Hofstadter system can be probed through magnetization which is governed by the mixing of the Landau levels and is enhanced by the Coulomb interaction.
The dynamics of an electron in a periodic potential subjected to a perpendicular magnetic field has a long history [2] [3] [4] [5] . Hofstadter's numerical solution of the Harper equation [3] in the tight-binding model demonstrated in 1976 that [5] the magnetic field splits the Bloch bands into subbands and gaps. The resulting energy spectrum, when plotted as a function of the magnetic flux per lattice cell reveals a fractal pattern that is known in the literature as Hofstadter's butterfly (due to the pattern resembling the butterflies). A few experimental efforts to detect the butterflies have been reported in the literature. The earlier ones involved artificial lateral superlattices on semiconductor nanostructures [6] [7] [8] , more precisely antidot lattice structures with periods of ∼100 nm. The large period (as opposed to those in natural crystals) of the artificial superlattices helps to keep the magnetic field in a reasonable range of values to observe the fractal pattern. Measurements of the quantized Hall conductance in such a structure indicated, albeit indirectly, the complex pattern of gaps that were expected in the butterfly spectrum. Hofstadter butterfly patterns were also predicted to occur in other totally unrelated systems, such as, propagation of microwaves through a waveguide with a periodic array of scatterers [9] or more recently, with ultracold atoms in optical lattices [10] .
Dirac fermions in monolayer and bilayer graphene [11] [12] [13] have been found to be the most promising objects thus far, where the signature of the recursive pattern of the Hofstadter butterfly has been unambiguously reported [14] [15] [16] . Here the periodic lattice with a period of ∼ 10 nm was created by the Moire pattern that appears when graphene is placed on hexagonal boron nitride with a twist [17, 18] . Although the period here is much shorter than that in semiconductor nanostructures, the unique properties of graphene helps to create a robust butterfly pattern [19] . Theoretical studies of the butterfly pattern in monolayer [20] and bilayer graphene [21] systems were also reported earlier.
In comparison to the numerous studies of noninteracting fermions in the butterfly problem, there are very few papers that report on the effects of electron-electron interactions on the fractal energy spectra. Hartree [22] or mean-field approaches, reported earlier in conventional two-dimensional electron systems [23, 24] indicated that although the butterfly pattern remains intact, additional gap structures are generated by the Coulomb interaction. The unique magnetic properties of Dirac fermions in graphene [12, 13, 25] however provides a new frontier for exploration of the intricate structure of the magnetic butterflies. As stated above, graphene seems to be the best system to observe the fractal energy spectrum. Therefore, it is important to understand the role interacting Dirac fermions play in the Hofstadter spectrum in graphene. Here we present our studies of the gap structure in the energy spectra due to the Coulomb interaction between Dirac fermions in monolayer graphene. Coulomb interaction in the presence of a strong magnetic field plays an important role in monolayer and bilayer graphene [11] [12] [13] [25] [26] [27] . However, it is quite a challenging task to evaluate the role of Coulomb interactions in the present system due to the complexities of the Hofstadter energy spectra. Our studies indicate that the influence of the Coulomb interaction on the energy gap is highly nontrivial in this case. This is also reflected in the magnetization in the Hofstadter model of graphene.
We consider a monolayer graphene in a periodic external potential that has the following form
where V 0 is the amplitude of the periodic potential, q x = q y = q 0 = 2π/a 0 , and a 0 is a period of the external potential V (x, y). We begin with the single-particle energy spectrum of the electron system in the periodic potential (1) and in an external perpendicular magnetic field, B. The corresponding Hamiltonian then is
where H B is the Hamiltonian of an electron in graphene in a perpendicular magnetic field. The electron energy spectrum of graphene in a magnetic field has two-fold spin and two-fold valley degeneracy. This degeneracy cannot be lifted by the periodic potential. In that case, for the single-electron system we consider the spectrum for a given valley, say valley K, and a given component of the spin. The corresponding Hamiltonian H B can now be written [12, 13, 25 ]
where π = p + e A/c, p is the electron momentum (twodimensional), A = (0, Bx, 0) is the vector potential, and γ is the band parameter. We evaluate the energy spectrum of an electron in a magnetic field and a periodic potential expressing the Hamiltonian (2) in the basis of eigenfunctions of the Hamiltonian (3). These eigenfunctions are specified by the Landau index n = 0, ±1, ±2, . . . and a parameter k, which is the y component of the wave vector. The eigenfunctions of the Hamiltonian (3) are given by
where C n = 1 for n = 0 and C n = 1/ √ 2 for n = 0; sgn(n) = 1 for n > 0, sgn(n) = 0 for n = 0, and sgn(n) = −1 for n < 0. Here ϕ n,k is the electron wave function with parabolic dispersion relation in the n-th LL
where L is the length in the y direction, x k = kℓ 2 0 , ℓ 0 = c /eB is the magnetic length, and H n (x) are the Hermite polynomials. The eigenenergy corresponding to the wave function (4) is ε n = sgn(n) ω B |n| [12, 13, 25] .
We evaluate the matrix elements of the periodic potential V (x, y) in the basis Ψ n,k (x, y) and construct the single-particle Hamiltonian matrix in the basis of the wave functions (4) . In what follows, we consider only the basis states for n = 0, n = ±1, and n = ±2 LLs of graphene. Inclusion of higher LL states does not change considerably the results for the band gaps presented below. From the Hamiltonian matrix we evaluate the energy spectrum of Dirac fermions in a magnetic field and a periodic potential. The corresponding spectra are shown in Fig. 1 for n = 0 and n = ±1 Landau levels. The energy spectra are shown as a function of the magnetic field in terms of the parameter α = φ 0 /φ, where φ = Ba With the single-particle states at our disposal, we now calculate the matrix elements of the electron-electron (Coulomb) interaction and find the single-particle energy spectrum of the corresponding Hartree Hamiltonian. Since the electron density has the same periodic behavior as the periodic potential, the Fourier components of the Hartree potential are nonzero only for the discrete reciprocal vectors G and can be found from V ( G) = (2πe 2 /κ| G|)n( G) and V (0) = 0. Here n( G) is the Fourier component of the electron density that is determined by the occupied levels. For the many-particle system, we consider only n = 0, n = ±1, and n = ±2. We also restrict the number of states in a given LL, i.e., we consider a finite size system with 5000 states per LL with the inter-wave vector separation ∆k = q 0 /50, where the one dimensional wave vector k determines the electron state [see Eq. (5)]. This corresponds to the size of the system in the real space to be 50a 0 × 50a 0 . To eliminate the boundary effects we consider the periodic boundary conditions. Due to the finite size of the system it is difficult to identify and trace the band structure of the energy spectra for generic rational values p/q of α. Therefore in what follows, the interaction effects on the band structure of graphene was studied for α = 1/2 and α = 1/3. For a noninteracting system at α = 1/2, in each LL there are two bands with zero band gap. In this case the inter-electron interaction opens a finite gap. For α = 1/3, both noninteracting and interacting electron systems have three bands with two finite band gaps in each LL.
The effects of interaction on the band structure also depend on the LL filling. We present the main results for half filling of the n = 0 LL, which is defined through zero Fermi energy. The single-particle spectra show the band structure with two bands in each LL. An increase in amplitude of the periodic potential causes both the band gap and band widths to increase in each LL.
The influence of electron-electron interactions on the band gaps ∆ n for α = 1/2 is plotted in Fig. 2 as a function of V 0 . Here the band gap for the LL n is labeled as ∆ n . Nonineracting systems have zero gaps and are not shown here. The results are for a 0 = 20 nm [ Fig. 2(a) ] and 40 nm [ Fig. 2(b) ]. In general, in both cases the band gaps monotonically increase with V 0 . With the Landau level index the band gaps have a strong nonmonotic dependence, where the band gap for n = 1 is much smaller than those for n = 0 and n = 2 [28] . For the n = 1 gap there is also a small nonmonotonic dependence of ∆ 1 on V 0 with a local maximum for V 0 ≈ 17 meV.
The α = 1/3 results are shown in Fig. 3 . In this case, both the noninteracting and interacting systems have three bands in each LL with two corresponding gaps. We label these gaps as ∆
n,i (noninteracting) and ∆ n,i (interacting). Here i = 1, 2 is the number of the band gap: i = 1 -low energy gap and i = 2 -high energy gap. In the lowest LL [ Fig. 3(a,d) ], which is partially occupied, the gaps monotonically increase with V 0 . The interaction enhances the low-energy gap ∆ 01 and suppresses the higher energy gap ∆ 02 . This suppression decreases with increasing period of the potential, a 0 . Similar behavior is also observed for n = 1 [ Fig. 3(b,c) ], but now the suppression of the higher energy gap is large compared to the n = 0 case. The gap ∆ 12 becomes vanishingly small for low periods of the potential. Therefore the inter-electron interactions almost close one of the gaps in the energy dispersion for n = 1. For n = 2 the main effect of the interaction is a strong enhancement of the low-energy gap, ∆ 21 , while the higher energy gap is almost unaffected by the interaction.
The general effects of the electron-electron interaction on the band structure of the energy dispersion is therefore an enhancement of the low energy gaps and suppression of the higher energy gaps (within a single LL). This suppression can be attributed to the inter-state repulsion introduced by the interaction between the states of n = 0 LL and the states of higher LLs. The repulsion becomes weaker when the energy separation between the states increases. For n = 1, which is the closest to the n = 0 LL the effect of state repulsion is more pronounced which results in almost collapsing of the high-energy gap. The energy gaps (and the corresponding energy spectra)
. The minimum of ∆ 22 in Fig. 3 (f) , for example, is therefore also visible in Fig. 3(c) , but at higher values of V 0 .
The above results (Figs. 2 and 3 ) are for the half-filled n = 0 LL, which corresponds to zero Fermi energy. Variation of the population in the n = 0 LL, which can be described numerically in terms of variation of the Fermi energy, also changes the gaps. As an illustration of this dependence, in Fig. 4 the gaps ∆ 1,i and ∆ 2,i are shown as a function of the Fermi energy. This dependence reveals that the difference between the gaps in the same LL (i.e., between ∆ 11 and ∆ 12 ) is the largest for zero Fermi energy. Therefore, in this case we should expect the strongest interaction effect on the energy spectra and the corresponding gaps.
Both the periodic potential and the electron-electron interaction cause mixing of the states of different LLs. The typical energy scale of the Coulomb interaction corresponding to the periodic potential with period a 0 is e 2 /κa 0 ≈ 20 meV for a 0 = 20 nm and the dielectric constant κ = 4. For the inter-Landau separation ≈ 50 meV, this interaction strength results in a LL mixing. The periodic potential, which can be of the same order as the interaction strength, also introduces LL mixing, which increases with increasing V 0 . Since the magnetic field is proportional to 1/α with decreasing α the interLandau level energy separation increases, which should suppress the inter-level mixing due to the inter-electron interactions and the periodic potential.
A measurable quantity of the many-fermion system which depends on the LL mixing and can exhibit the effect of the electron-electron interaction is the magnetization M = ∂H ∂B [29] , where the dependence of the Hamiltonian on the magnetic field is introduced through the vector potential A. For the many-fermion system the magnetization operator is the sum of the single-particle contributions. The magnetization is then calculated as an expectation value of the magnetization operator.
The magnetization of the non-interacting system and the system with electron-electron interactions are shown in Fig. 5 . For the non-interacting system the magnetization increases monotonically with increasing strength of V 0 . The reason for such an increase is the enhancement of the LL mixing with increasing V 0 . Without the LL mixing, the Dirac fermions in the n = 0 LL have zero magnetization for all magnetic fields B, which follows from the fact that the energy of the n = 0 LL is zero for all B [12, 13, 25] . Therefore, the nonzero magnetization illustrates the strength of the LL mixing. For the interacting system the magnetization monotonically increases with V 0 and shows enhancement compared to the noninteracting system. With increasing V 0 the mixing of the levels due to interaction increases both for α = 1/2 and α = 1/3. The magnetization increases with increasing α, which illustrates a stronger inter-level mixing for larger values of α.
In conclusion, the interaction effects on the Hofstadter in monolayer graphene strongly depend on the amplitude of the periodic potential. For α = 1/2, the interaction opens a gap in each LL, with the gap being smaller for n = 1. For larger number of flux quanta per unit cell such as, α = 1/3, the interaction suppresses the high-energy gaps and enhances the low-energy gaps compared to the noninteracting system. The effect is the strongest for n = 1 where the high-energy gap is almost closed by the interaction. The magnetization of the system illustrates the enhancement of level mixing due to the interaction. This enhancement increases with increasing V 0 and the level mixing becomes stronger with increasing α.
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